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Abstract
The present paper is focused on the analysis of the one-dimensional relativistic gas
dynamics equations. The studied equations are considered in Lagrangian description,
making it possible to find a Lagrangian such that the relativistic gas dynamics equations
can be rewritten in a variational form. Complete group analysis of the Euler-Lagrange
equation is performed. The symmetries found are used to derive conservation laws in
Lagrangian variables by means of Noether’s theorem. The analogs of the newly found
conservation laws in Eulerian coordinates are presented as well.
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1 Introduction
Conservation laws play a significant role in physics: they describe essential properties of the
processes modeled by a given system of partial differential equations. Conservation laws given
by densities of local form determine physically important conserved quantities such as energy,
momentum, angular momentum, mass, charge, etc. which are constants of motion central to an
analysis of the time evolution of the fields. A conservation law is a divergence expression that
vanishes on all solutions of the system. The most widely-known tool for finding conservation
laws of differential equations is Noether’s theorem [1]. It can be applied, in principle, to any
system of differential equations, that admits a variational formulation in terms of a Lagrangian.
Hence, the problem of finding a variational principle for a given system of equations arises
naturally. A variational principle constitutes an alternative method for determining the state
or dynamics of a physical system. Efforts in this area involve the construction of integral
functional encompassing all the equations of a specific problem.
Among the studies devoted to the variational principles of non-relativistic gas dynamics,
one can distinguish the following approaches [2]. In the approach [3] the stationary stream
functions of plane flows were used. In [4] it was noted that the functional used in [3] had
already been introduced in [5], and using two stream functions, the author of [4] proposed
a similar variational principle for stationary three-dimensional gas flows. For potential flow
there is also a Lagrangian such that the gas dynamics equations can be obtained from the
variational principle. Another approach was started by the author of [6], where a Lagrangian
was constructed by using Lagrangian multipliers. Later this approach was also applied to
magneto-hydrodynamics [2]. As noted in [7], the Eulerian description raises mathematical
problems for finding a variational formulation of the studied problem. On the other hand, the
study of the non-relativistic gas dynamics equations in Lagrangian coordinates allows one to
use the natural Lagrangian consisting of the potential and kinetic energies [7–10]1
1See also references therein.
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Various works have been proposed [11–15] to construct Lagrangian formulation of a rel-
ativistic perfect fluid. However, we have not yet uncounted a Lagrangian L in the form of
applied in the present paper. This Lagrangian allows us to write the relativistic gas dynamics
equations in Lagrangian description (ξ, t) as the Euler-Lagrange equation
δL
δϕ
= 0, where (x, t)
are Eulerian coordinates and x = ϕ(ξ, t).
Noether’s theorem relates symmetries and conservation laws, because any variational or
divergent symmetry is defined by an admitted generator. Thus, for applying Noether’s theorem
one needs to know the admitted Lie algebra. One of the tools for studying symmetries is the
group analysis method [16, 17], which is a basic method for constructing exact solutions of
partial differential equations.
The present paper is focused on the one-dimensional relativistic gas dynamics equations
of a polytropic gas in Lagrangian description, with the objective to analyze the variational
second-order partial differential equation to which the relativistic gas dynamics equations are
reduced in Lagrangian coordinates. Using Noether’s theorem, conservation laws in Lagrangian
and Eulerian descriptions are found.
This paper is organized as follows. Section 2 introduces the relativistic gas dynamics equa-
tions and their variational formulation. In Section 3 we consider the general case and the
corresponding conservation laws. Then, we present the cases with additional symmetries and
conservation laws in Section 4. Finally, Section 5 gives concluding remarks.
2 Relativistic gas dynamics equations
In this section the relativistic one-dimensional equations of a perfect fluid are considered in
Eulerian and Lagrangian coordinates.
2.1 The relativistic gas dynamics equations in Eulerian coordinates
The motion of a relativistic perfect fluid is governed by the equations expressing the conservation
of the number density, and the conservation of the energy and momentum [18], [19]. In the
one-dimensional case these equations are
∂
∂t
(Γ−1n) +
∂
∂x
(Γ−1nv) = 0,
∂
∂t
(
T 10
)
+
∂
∂x
(
T 11
)
= 0,
∂
∂t
(
T 00
)
+
∂
∂x
(
T 01
)
= 0,
(1)
where
T 00 = (e+ p)Γ−2 − p, T 01 = T 10 =
v
c
(e+ p)Γ−2,
T 11 =
v2
c2
(e + p)Γ−2p
are components of the energy-impulse tensor, n is the proper number density of particles, e is
the total energy density, v is the velocity, c is the speed of light, Γ =
√
1− v2/c2, and p is the
pressure. After scaling t, x and v, one can assume that c = 1.
2
A perfect fluid is a two-parameter thermodynamical model, which means that two of the
thermodynamical variables e, p, n, η, and T define the remaining variables. Here θ is the
absolute temperature, and η is the specific entropy. The thermodynamical variables also satisfy
the thermodynamical identity
θdη = d
( e
n
)
+ pd
(
1
n
)
.
In this article, we study a relativistic polytropic gas. Such gas is defined by the state
equations
ε = cvθ, p = Rnθ,
where ε is the specific internal energy, R is the gas constant, cv is the specific heat capacity at
constant volume. For a polytropic gas one obtains that [20]
p = Snγ,
where γ = 1 +
R
cv
, and S = Re(η−η0)/cv with some constant η0. As R > 0 and cv > 0, then
γ > 1. In this case
e + p = n+
γ
γ − 1
Snγ,
and equations (1) become
mt + (mv)x = 0,
n(vt + vvx) + Γ
4nγ−1(γSnx + nSx)
+
nγS
γ − 1
(
(1 + v2 − γv2)vt + γ(2− γ)vvx
)
= 0,
St + vSx = 0,
(2)
where m = nΓ−1.
2.2 Lagrangian coordinates
Alternatively to the Eulerian description, there is the Lagrangian description, where the parti-
cles are identified by the positions which they occupy at some initial time. Typically, Lagrangian
coordinates are not applied in the description of fluid motion, as the Lagrangian type of speci-
fication leads to a cumbersome analysis [21]. However, in some special contexts the Lagrangian
description is indeed useful.
2.2.1 Deriving the gas dynamics equations in Lagrangian coordinates
The Eulerian (x, t) and Lagrangian (X, t) coordinates are connected by the relation x = ϕ(X, t),
where the function ϕ satisfies the Cauchy problem
ϕt(X, t) = v(ϕ(X, t), t), ϕ(X, 0) = X.
In the Lagrangian coordinates (X, t) the first equation of (2) can be integrated
m =
m0
ϕX
,
3
where m0(X) is the arbitrary function of integration. Using the change
ξ = α(X), (3)
where α ′(X) = m0(X), one obtains that
m¯(t, ξ) =
1
ϕ¯ξ(t, ξ)
.
Here the functions ϕ¯(t, ξ) and ϕ(t, X) are related by the formula
ϕ¯(t, α(X)) = ϕ(t, X).
Further the sign¯ is omitted. In the Lagrangian coordinates the change (3) defines an equiv-
alence transformation: this change simplifies the equations studied. The coordinates (ξ, t) are
called the mass Lagrangian coordinates [22].
In the Lagrangian coordinates (ξ, t) the general solution of the third equation of (2) is
S = S0(ξ),
where the function S0(ξ) is the arbitrary function of integration.
From the relations
v(ϕ(ξ, t), t) = ϕt(ξ, t), m(ϕ(ξ, t), t) =
1
ϕξ(ξ, t)
, (4)
one finds that
vt = ϕtt − ϕtϕ
−1
ξ ϕtξ, vx = ϕ
−1
ξ ϕtξ, mx = −ϕ
3
ξϕξξ,
mt = −ϕ
−2
ξ (ϕξt + ϕtϕ
−1
ξ ϕξξ).
Substituting these derivatives into the second equation of (2), it becomes(
γ
γ − 1
(
Γ2(γ − 1)− γ + 2
)
S0 + Γ
1−γϕγ−1ξ
)
ϕ2ξϕtt
−2γΓ2S0ϕtϕξϕtξ + Γ
4(ϕξS
′
0 − γS0ϕξξ) = 0.
(5)
2.2.2 Variational formulation
It is well-known that in the non-relativistic gas dynamics, there exists a Lagrangian whose
Euler-Lagrange equation is similar to the equation corresponding the gas dynamics equations in
Lagrangian coordinates [8,10], i.e., there is a Lagrangian L such that this equation is equivalent
to the equation
δL
δϕ
= 0. This makes it possible to assume that equation (5) also has this very
property. Here
δ
δϕ
is the variational derivative.
Recall that the Euler-Lagrange equation is computed as
δL
δϕ
=
∂L
∂ϕ
−DLt
(
∂L
∂ϕt
)
−Dξ
(
∂L
∂ϕξ
)
= 0, (6)
where the operators Dξ and D
L
t are the total derivatives in Lagrangian coordinates.
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Assume that L = L(ϕ, ϕt, ϕξ, S0(ξ)). Substituting this Lagrangian into the equation
δL
δϕ
= 0,
then excluding ϕtξ found from (5), and splitting it with respect to the derivatives ϕtt, ϕξξ
and S ′0, one finds an overdetermined system of partial differential equations. Solving this
overdetermined system, one derives the Lagrangian
L = Γ +
1
γ − 1
ΓγSϕ1−γξ . (7)
Thus, one obtains that equation (5) is indeed the Euler-Lagrange equation of the Lagrangian
(7).
3 Group properties of equation (5)
As mentioned in the Introduction, for purpose of using Noether’s theorem of equation (5), one
needs to study its group properties.
3.1 Equivalence transformations
An equivalence group allows changing arbitrary elements, yet conserving the structure of the
studied equations. An infinitesimal generator X of the equivalence group is sought in the
form [16]
Xe = ζξ∂ξ + ζ
t∂t + η
ϕ∂ϕ + η
S∂S , (8)
where the coefficients ζξ, ζ t, ηϕ and ηs are functions of all variables [23]: (ξ, t, ϕ, S). Here the
function S(ξ) is an arbitrary element of equation (5). Calculations give the following basis of
generators of the equivalence group
Xe1 = ∂ξ, X
e
2 = ∂t, X
e
3 = ∂ϕ, X
e
4 = ϕ∂t + t∂ϕ,
Xe5 = ξ∂ξ + t∂t + ϕ∂ϕ, X
e
6 =
ξ
γ − 1
∂ξ + S∂S.
The equivalence transformations corresponding to the generators which can change the
arbitrary element are
Xe1 : ξ˜ = ξ + a,
Xe5 : ξ˜ = ξe
a, t˜ = tea, ϕ˜ = ϕea, S˜ = S,
Xe6 : ξ˜ = ξe
a
γ − 1 , ǫ˜ = Sea,
where a is the group parameter, and only changeable variables are presented.
3.2 Group classification of the Euler-Lagrange equation (5)
A symmetry X of equation (5) is sought in the form
X = ζξ∂ξ + ζ
t∂t + η
ϕ∂ϕ, (9)
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where the unknown coefficients ζξ, ζ t, and ηϕ are functions of (ξ, t, ϕ). Applying the pro-
longed generator to equation (5), substituting the main derivative, and splitting with respect
to parametric derivatives, one derives that
ζ t = k4t + k3ϕ+ k2, η
ϕ = k3t+ k4ϕ+ k1,
∂ζξ
∂ξ
= −
ζξS ′0
S0(γ − 1)
+ k4, (10)
and obtains the classifying equation
ζξ
(
S ′′0S0(γ − 1)− S
′
0
2γ
)
+ S ′0S0(γ − 1)k4 = 0, (11)
where k1, k2, k3 and k4 are constants. A basis of the kernel of admitted Lie algebras, which is
a Lie algebra admitted by equation (5) for all functions S0(ξ), consists of the generators
X1 = ∂ϕ, X2 = ∂t, X3 = ϕ∂t + t∂ϕ. (12)
Further analysis of the classifying equation (11) is similar to the analysis represented for the
non-relativistic case [10].
3.2.1 Case S ′0 = 0
In this case S0 is constant, and the admitted Lie algebra is defined by the generatorsX1, X2,
X3 and
X4 = ξ∂ξ + t∂t + ϕ∂ϕ, X5 = ∂ξ.
3.2.2 Case S ′0 6= 0
From equation (11), one obtains
k4 = −
ζξ
(γ − 1)S0S ′0
(
S ′′0S0(γ − 1)− S
′
0
2γ
)
. (13)
As k4 is constant, then differentiating equation (13) with respect to ξ, one gets
ζξ∆ = 0,
where ∆ = −S0S
′
0S
′′′
0 +2S0S
′′
0
2−S ′′0S
′
0
2. For existence of an extension of the kernel of admitted
Lie algebras (12) one needs that
∆ = 0. (14)
Noting that the latter equation can be written in the form(
S0S
′′
0
S ′0
2
)′
= 0,
one finds that
S ′0 = C1S
C2
0 ,
where C1 and C2 are constant. Depending on C2, the function S0(ξ) can take one of two forms
(up to equivalence transformations): if C2 = 1, then
S0(ξ) = e
qξ, (15)
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otherwise
S0(ξ) = ξ
q (16)
Here q 6= 0 is constant.
Substituting the function S0(ξ) into (13) and (10), and solving a linear ordinary differential
equation for the function ζ(ξ), one obtains the following. The extension of the kernel of admitted
Lie algebras for (15) is given by the generator
X4a = (γ − 1) ∂ξ + q(t∂t + ϕ∂ϕ),
and for the entropy (16), it is
X4b = (γ − 1)ξ∂ξ + (γ + q − 1)(t∂t + ϕ∂ϕ).
Remark. In Eulerian coordinates, the solutions corresponding to relation (16) are described
by the differential constraint
qρSSxx + (1− q)ρS
2
x − qρxSSx = 0. (17)
The assumption for the entropy (15) is given in Eulerian coordinates by the differential con-
straint
Sx = ρqS. (18)
One can check that the overdetermined systems of equations consisting of the gas dynamics
equations and these constraints are involutive.
4 Conservation laws
This section deals with conservation laws obtained by using Noether’s theorem. Noether’s
condition has the following form
XL+ L(DLt ζ
t +Dξζ
ξ) = DLt B1 +DξB2. (19)
for some functions Bi(t, ξ, ϕ), i = 1, 2. Here we assume that the operator X is prolonged to the
derivatives by means of the standard prolongation formulas [16,17]. The symmetry X is called
variational if B1 = B2 ≡ 0; for divergence symmetries there are nontrivial B1 and B2.
The densities (T t, T ξ) of the conservation laws are given by the formulae
T t = ζ tL+ (ηϕ − ζ tϕt − ζ
ξϕξ)
∂L
∂ϕt
− B1,
T ξ = ζξL+ (ηϕ − ζ tϕt − ζ
ξϕξ)
∂L
∂ϕξ
− B2.
(20)
4.1 Conservation laws corresponding to the kernel
All symmetries corresponding to the kernel of admitted Lie algebras are variational. Using
Noether’s theorem, the conservation laws are
T ξ1 = Γ
γS0ϕ
−γ
ξ , T
t
1 = ϕtΓ
−1G;
T ξ2 = S0Γ
γϕtϕ
−γ
ξ ,
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T t2 = Γ
−1G− S0Γ
γϕ1−γξ ;
T ξ3 = S0Γ
γ(ϕϕt − t)ϕ
−γ
ξ ,
T t3 = ϕΓ
−1(1− S0ϕ
1−γ
ξ Γ
γ−2)− tϕtG.
where G =
(
1 +
γS0ϕ
1−γ
ξ Γ
γ−1
γ − 1
)
.
In Eulerian coordinates, these conservation laws become
T x1 = Γ
γSmγ , eT t1 = vΓ
−1GE;
T x2 = SΓ
γvmγ ,
eT t2 = Γ
−1GE − SΓγmγ−1;
T x3 = SΓ
γ(xv − t)mγ ,
eT t3 = xΓ
−1(1− Smγ−1Γγ−2)− tvGE.
where GE =
(
1 +
γSmγ−1Γγ−1
γ − 1
)
.
The conservation laws of momentum and energy correspond to (eT t1, T
x
1 ) and (
eT t2, T
x
2 ).
The conservation law with (eT t3 , T
x
3 ) is similar to the conservation law of center of mass in
non-relativistic gas dynamics.
4.2 Conservation laws for constant entropy
The generator X4 does not satisfies condition (19). The generator X5 = ∂ξ provides the
conservation law with
T ξ5 = ΓG, T
t
5 = ϕtϕξΓ
−1G.
The densities of this conservation law in Eulerian coordinates are
T x5 = ΓG
E , eT t5 = vΓ
−1m−1GE.
4.3 Conservation laws for a particular entropy
The generator X4a does not satisfies condition (19).
Substituting the generator X4b into equation (19), one obtains
k4(2(γ − 1) + q) = 0.
Hence, an additional conservation law exists if q = 2(1 − γ). This conservation law has the
densities
T ξ4 = ξΓG+ S0Γ
γϕ−γξ (ϕ− tϕt),
T t4 = t(S0Γ
γϕ1−γξ − Γ
−1G) + (ϕ+ ξϕξ)ϕtΓ
−1G.
In Eulerian coordinates, this conservation law becomes
T x4 = S
1/qΓGE + SΓγmγ(x− tv),
eT t4 = t(SΓ
γmγ−1 − Γ−1GE) + (x+ S1/qm−1)vΓ−1GE.
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5 Conclusions
The present paper is devoted to the analysis of the one-dimensional relativistic gas dynamics
equations. The studied equations are considered in Lagrangian description. This description
allows us to find a Lagrangian such that the relativistic gas dynamics equations can be rewritten
in a variational form. One of the advantages of the variational form is that it makes an
application of Noether’s theorem for deriving conservation laws possible. The present paper
is focused on application of Noether’s theorem for deriving conservation laws in Lagrangian
description. Application of Noether’s theorem requires the group analysis of the Euler-Lagrange
equation. In the present paper we performed the complete group classification of the Euler-
Lagrange equation with respect to the entropy. This classification of symmetries of the Euler-
Lagrange equation allowed us to derive additional conservation laws beyond the classical ones.
The analogs of the found conservation laws in Eulerian coordinates are also presented.
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